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Abstract 


The purpose of this letter is to point out that some conclusions in 
the paper (Eur. Phys. J. C 76, 324(2016)) are incomplete, and to give 
complete and improved conclusions. The analytic necessary and sufficient 
conditions are given for the boundedness-from-below conditions of general 
scalar potentials of two real scalar fields ġi and ¢2 and the Higgs bonson 
H. 
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1 Introduction 


Kannike [1] presented the boundedness-from-below conditions of general scalar 
potentials of two real scalar fields 6; and ¢2 and the Higgs bonson H, 
V(61,%2; HI) =Aw|H|* + n| H| Oi + Ann |A[?b1¢2 + Ano2|H|?o5 


(1) 
+ A4061 + Asi Gide + A220703 + A13¢193 + À0463. 


This is equivalent to an analytic necessary and sufficient conditions of 
V (¢1, 62, |H|) > 0 for all 61,62, H. 


However, there is a question in Kannike’s conclusions. Egs.(54) and (55) in 
Kannike [1] is inaccuracy. 

For two real scalar fields p1 and ¢2 and the Higgs bonson H, a general scalar 
potentials V(61, 2, IHI) is rewritten as follows 


V ($1, 62, IHI) = An|H|* + M'(b1, 62) HI? + V(¢1, 2), 
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where 
M? (41, 62) = AH2061 + AH119162 + AH0293, 


V (p1, $2) = A4061 + À310102 + A226103 + A136163 + A0462. (2) 
So applying the well-known positivity conditions of guadratic polynomial 
p(t) = at? +bt+c 


for all t = |H|? > 0 (which is showed hundreds of years ago), V (¢1, 42, |H|) > 0 
for all 61,62, H (a = Ag > 0) if and only if for all 61, do, 


(3) 


b = M?(¢1, ba) > 0,c = V(¢1, ¢2) > 0; 
b= M?(¢1, ¢2) < 0, 4ac — b? = AAHV (61, 62) wi, (M?(¢1, ¢2))? > 0. 


It is obvious that M?(G1, 62) = AH2097 + AH116152 + AH0292 isa quadric form 
with respect to two variables $1, 62, and hence, the inequality M?(¢1, 2) > 0 
is equivalent to positive semi-definiteness of its coefficient matrix M?. Then by 
Sylvester’s criterion, M'(ġ1, 2) > 0 if and only if 


1 
AH20 > 0, AH02 > 0, AH20AH02 — gòu >0. (4) 


The inequality M? (1,2) < 0 is equivalent to negative definiteness of its coef- 
ficient matrix. That is, —M?(¢1, ¢2) > 0, i.e., the matrix 


1 
—ÀH20 —JAHU 


-M2 = 
TÄH —AH02 
is positive definite if and only if 
1 
AH20 < 0, AH02 < 0, AH20AH02 — pm > 0. (5) 


So, Eqs.(4) and (5) are differ from Eqs.(54) and (55) of Kannicke [1]. Moreover, 
the conclusion Eq.(68) of Kannicke [1] may not hold also. 


2 Boundedness-from-below conditions 


Now we correct this mistake and present the analytic necessary and sufficient 
conditions are showed for the boundedness from below of scalar potential of 
two real scalar fields ġi and ġa and the Higgs doublet H. It follows from 
the conclusion (3) that we firstly need the analytic necessary and sufficient 
conditions of V(¢1, d2) > 0, 


V(61, 42) = A4061 + Asi Gide + A226103 + A13¢193 + 04523. (6) 


It is obvious that the discriminant D > 0 is a necessary condition of V(¢1, 62) > 
0. Such a positivity condition may trace back to ones of Refs. Rees [2] , 
Lazard [3] Gadem-Li [4], Ku [5] and Jury-Mansour [6]. Untill to 2005, Wang- 
Qi [7] improved their proof, and perfectly gave analytic necessary and sufficient 
conditions. For more detail about applications of these results, see Song-Qi [8] 
also. That is, for all ġ1, 92 with (61,2) Æ (0,0), the binary quartic homoge- 
neous polynomial (6), V(61, 62) > 0 if and only if 


Aso > 0, A04 > 0, 
D=0, G=0, R=0 and Q > 0; (7) 
D >Q0andQ>0, rQ<0andR>0 


where 1 i 1 
G 77110113 — g 40 À31A22 + 39031 


1 1 1 
Q = A40422 TA = (8A40A22 — 3231) 


1 1 
I =A40A04 — 723143 + 15722 
1 1 1 
J =g 40A22A04 + 7g 18122413 TA 


3 
216 2? 


1 1 
16 MOA jõ sr 204 
DSP = 201 R = MoI — 12Q°. 


Recently, Qi-Song-Zhang [9] gave a new necessary and sufficient condition other 
than the above results (7) in forms. 


Next we give the revised version of the conclusion Eq.(68) in Kannicke [1]. 
Let V'(61, 62) = 4AHV (61, 62) — (M?(¢1, ¢2))?. Now we show V'(ġ1, 62) > 0. 
V'(61, 62) =AAHV (61, 62) — (M° (G1, b2))' 
= (4X40AH — A2720) 4 + (Ag Asi — 2AH20AH11) 622 
+ (4AHA22 — 2AH204H02 — Azr11)9193 
+ (4AqA13 — 2AH02AH11) 6163 + (4A04AH — Àżr02)03 
=NoG1 + Ag19192 + A220162 + A130103 + A0402, 


where A 
À40 = 4A40AH — AH20» roa = 4AodAH — 3102; 


Ag, = 4AnA31 — 2AH20AH11, Aig = 4AHA13 — 2AH02AH11; 


Nog = 4A HÀ22 — 2AH20AH02 — Afrin- 


In terms of the coefficients of V’(¢1, 62), we define the following quantities: 
1 1 1 
G' = 13 — g Modi 22 + 3031 


1 1 
Q! = FAN — EM 


il 1 
T'—M0204 — i 31413 + PA 
1 1 1 
J: =g 40422 04 + TA 22413 — 516722 
1 1 


D' =I — 2737, R! = NBT’ — 1207. 
Then an application of the conclusion (7), we have V'(61, 62) > 0 for all 61, de 
with (61,2) Æ (0,0) if and only if 
A10 > 0, Ap4 > 0, 
D' =0, G'=0, R'=0and 9' > 0; (8) 
D' > 0 and Q' > 0 or Q’ < D and R’ > 0. 


Altogether, combing Eq. (3) and Eqs. (7), (4), (5), (8), the analytic neces- 
sary and sufficient condition is established for the boundedness from below of 
scalar potential of two real scalar fields p1 and d2 and the Higgs doublet H . 
That is, V(61, 92, IHI) > 0 for all 61,62, H with (¢1,¢2,H) 4 (0,0,0) if and 
only if 

AH > 0, A40 > 0, A04 > 0 and 
(i) AH20 > 0, ÀHo2 > 0, 4Ax20AH02 — Àjnii > 0, 
D=0, G=0, R=O0and Q > 0; 
D> 0 and either Q > 0, or Q < 0 and R > 0; 
(it) An20 < 0, AHo2 < 0, 4A H20AH02 — Aii > 0, 
4A40ÀH — AG > 0, 4rAo4A Hn — Ara > 0 and 
D'—0, G'—0, RI =0 and Q > 0; 
D' > 0 and Q’ > 0, or Q' < 0 and R’ > 0. 
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